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Introduction

Classification:
Introduce a random pair (X, V) ~ P,

and predictalabelY € Y ={1,...,K},
from the features X € X = R9 withg > 1,
with a classifierg : X — ) from a family G.

For hard problems, one returns a list of the most likely labels
for an observation x € X', which concerns many applications.

One often uses intermediate values of a classification model,
to derive an orderingon ),
evaluates it with a performance indicator,

Question: How to explicitly learn ordered labels from classif. data ?



From classification to label ranking

Introduce the posterior probabilities 1(x) := (1 (x), ..., 7k (x)),
with 7 (x) := P{Y = k|X = x}, and u the distribution of X,
then (u, n) characterizes P.

The classification loss writes: L(g) := P{g(X) # Y},

and its Bayes classifier g writes: g*(x) := arg max nx(x).
ke{1,...,K}

Tasks and targets: by order of difficulty:

- Classification: the maximum of the n,(x)’s, in {1,...K}.

- Label Ranking (LR): a decreasing order of n(x), in .

- Conditional density estimation: the vector n(x), in RX.

Forx € X, introduce o} € Gk, s.t.:
Toi ')~ Toi '@ 7 7 7 oy (k)

then g (x) = o} (7).



Our contributions

LR is related to Ranking Median Regression (RMR). We provide:

- A description of the relationship between RMR and LR,

- Arationale on the one-vs-one (OVO) approach for LR,

- Fast convergence proofs for the OVO approach to LR,

- As a corollary, the first generalization bound on an OVO classifier,

-and a learning bound on the top-k error.
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Label Ranking

Label Ranking: Choose aranking rules : X — Gy that minimizes:
R(s) := E[d(s(X), ox)];

where d : G x 6k — R4 symmetricand d(o,0) = 0, Vo € S.
It is different from classif.,

Many sensible candidates for d(o, o), e.g.:
-theerror: I{c # o'},

- the Hamming distance: Y _, T{o (k) # o’ (k)},

-the Kendall 7 distance d-: >, ; I{(o(i) — o (j))(o’ (i) — 0’ (j)) < O},

Results on I{o # ¢’} can be generalized to most distances, since:
d(o,0') < max d(r,7") x I{o # o'}

T,T’EG%

LR differs from RMR by assumptions on oy and available data.



Ranking median regression (RMR) (1/2)
Ranking median regression (RMR):
Given a random pair (X, X) ~ P, predict a permutation & € S,
from X € X, with arankingrules : X — Sk, selected in a family S.
See e.g.[Vembu and Gartner, 2010, Tsoumakas et al., 2009].

In practice, one seeks to find s that nearly minimizes the risk:
R(s) := E[d(s(X), T)]. (1)

Introduce p;j(x) = P{X(i) < Z(j) | X =x} for1 < i <j < K.

Assumption 1 (Strict Stochastic Transitivity (SST))

Forallx € RY, we have: Y(i, k) € {1,...,K}3, pij(x) # 1/2and
pij(x) >1/2 and pjx(x) >1/2 = pix(x) >1/2.

Under Assumption 1 when d = d, the minimizer of Eq. (1) is s},

with:

sp(k) =1+ > Hpe(X) <1/2}  foranyk e {1,...,K}.
I#k



Ranking median regression (RMR) (2/2)

Under a complexity assumption on S, with n the size of the sample,
i.e. the number of i.i.d. observations of P, one can derive
generalization bounds in O(n~"/2).

Bounds in O(n~") are derived with an additional noise assumption:

Assumption 2 (Noise condition)

We have:
H = essinf min|p; (X) —1/2| > 0.
i<j

Assumption 2 resembles Massart’s condition for classification.

Under this condition, guarantees on the risk imply guarantees
for the probability of error, since:

Px {s(X) # sx} < (1/H) x (R(s) — R(sx))-



LR as RMR (1/2)

LR: Label Y and predict ranking o,
RMR: Ordering X and predict ranking sy.

— Need to model the relationship between ¥ and X..

Definition 3 (Conditional Bradley-Terry-Luce-Plackett (BTLP))

The conditional distribution of ¥~ given X is defined by recursion:
Given a hidden preference vector w(X) = (w;(X), ..., wx(X)),
setSy:={1,...,K}L Sk =S\ {=7'(1),..., =7 (k— 1)} and:

. w(X
P {s 1o}

with M(n, p) is the multinomial dist. We write = ~ BTLP(w(X)).

Point of view for LR:
RMR where ¥ follows a BTLP model with pref. vector 7,
and we observe the partial information ¥ = ¥ '(1).



LR as RMR (2/2)

Lemma 4
Let (X, V) a random pair on a probability space (2, A, P).
One may buildarv. ¥ € &g, ¥ ~ BTLP(n(X))and Y = ¥~'(1) a.s.

Under this model:

pri) = PLE() < Z(0) 1) = 80,

hence, SST is satisfied as soon as the 7 (X)’s are distinct.
Our knowledge of RMR implies:
) =14+ 3 Hnx) < 1/2),
Ik
which rewrites with Bayes classifiers g (x) := 2I{n (x) > 1/2} —1
for the problem of separating class k from [.

Other approaches to RMR with partial information:
[Korba et al., 2018, Brinker and Hiillermeier, 2019].
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One-Versus-One for classification

Many algorithms are tailored for binary classification,

The One-vs-One (OVO) approach extends them to multiclass classif.,
by running them K(K — 1) /2 times to separate [ from k for any k < |,
and output the one which won the most duels,

Ajustification for OVO is that g*(x) = arg max Nj(x), with:

ke{1,...,K}
Nix) =D T{gi(x) = +1} + > T{g; (x) = —1}.
<k k<l

Our knowledge of the relationship between RMR and LR gives:

ox(K) =1+ Igi,x) = -1}.
Ik
which is related to the Copeland score,



One-Versus-One for Label Ranking (1/2)
Let D, = {(X;, )}, "&" Pand ¥, ; = I{V; = [} — I{V; = k},
for any k < [ compute a minimizer g, ; of the empirical risk over G:

L) = —— 3 1{g(X) # Yeus},

n n
kT

approximates Ly (9) :=P{g(X) # Yi: | Y € {k, [}}, L; = Liu(gy ))-
Proposition 5

Under the assumptions:

- G has finite VC-dimension V,

- there exists € > 0s.t. forallk # land x € X, n(x) + ni(x) > ¢,
- there exists o € [0,1] and B > 0, s.t.: forall k # land t > O:

P {|2m,(X) —1| < t} < Bt™a.

Wp.>1-9,
L) by <2 Jn6 L) ~ Ly ) + 1o0)

1

withrp(0) = O(n™~2=2).



One-Versus-One for Label Ranking (2/2)

Introduce the scoring rule s(X)(k) =1+ 34, T{gx (X) = -1},
with s(X) = o, the union bound implies that:

P{ox # ox} <ZP{9M ) # gk} - (2)
k<l
Eq. (2) and Proposition 5 imply guarantees for LR.
Theorem 6

Under the same assumptions as those of Proposition 5,
forallo € (0,1)andn > no(d, v, €,B,V), w.p. > 1 -,

P(o # o) < (Zz (int Leste) - L;,,)a +(3)= (8)) -

k<l

Theorem 6 gives a generalization bound in O(n*ﬁ),
1
e.g. o =1/2gives O(n %) versus O(n %) for the usual O(n™ z==).



Toy example
Set X = [0, 1], in two settings: noisy and separated (see n’s below),
we plot the expected d- between 7y and o} over 100 simulations,
as a function of n.
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Guarantees with OVO for top-k and classification
The top-k loss writes 4y (y,0) = {y ¢ {oc7'(1),..., 07 (k)}},
hence the top-k risk of the ranking rule s : R7 — S is:

Wi(s) = E 6 (Y, s(X))] -

Introduce W; = minges Wi (s), then we have the following result:
Proposition 7
Letk € {1,...,K}, then W;; = W (o).

Under the same assumptions as those of Proposition 5,
forall§ € (0,1)and n > no(d, o, €, B, V):

X . P . N
Wk(UX)_WkSZCK,k 2nn"l)73£>[< JQEL/,m(g)—LLm +rS m .

2

The proof relies on: Wy (s) — W; < Py {Top,(6x) # Top,(o¥)}-
Itimplies, w/ k = 1, guarantees for the OVO classif §(X) := o~ '(1).
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Conclusion

Main contributions:
- We derived a theory for solving label ranking with classif. data,

-and incidentally prove learning bounds for the OVO classifier.

Future work:

One could study the optimization of other accuracy measures,
such as ones that include the notion of scoring function.



Thank you!
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